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Optimal Decision Tree Design Based on Information

Theoretical Cost Bound™

SUMMARY Decision tree design is an important issue
because decision trees have many applications in, for example,
fault diagnosis and character recognition. This paper describes
an algorithm designing a probabilistic decision tree, in which a
test applied to a state produces different outcomes with non-zero
probability. The algorithm strictly minimizes the tree cost, which
is defined as the weighted sum of expected loss and expected test
execution time. The lower bound of the cost is utilized to remove
the excessive computing time needed to search for the exact
optimum. This lower bound is derived from information theory
and is transformed to an easily computable representation by
introducing a network model. The result of a computational
experiment confirms the time efficiency of the proposed method.

1. Introduction

A decision tree is a tree-like structure representing
a sequential decision process in which several tests are
successively executed to gather information about an
unknown state. Depending on the outcome of these
tests, decisions are made and an action is taken.
Decision trees are categorized into two types: deter-
ministic and probabilistic. With the former, a test
applied to a state produces a fised outcome with
certainty, while a test yields different outcomes with
non-zero probability in the latter. Each type of deci-
sion tree has been found useful for various applications
such as fault diagnosis’, computer programming®
character recognition®, or machine learning®.

Because of its practical significance, considerable
efforts have been focused on developing a method to
construct an efficient decision tree. Some of these
works have succeeded in achieving efficient heuristics
that give near-optimal solutions by applying ideas
from information theory®~®. However, in the design
of a probabilistic decision tree, there are very few
practical algorithms yielding a strict optimum for a
certain criterion. This is due to difficulty in overcom-
ing the explosion in computational time needed to
search for the strict optimum. Nevertheless, it is worth-
while to develop such an algorithm from the viewpoint
of not only theoretical interest but also practical neces-
sity to evaluate the accuracy of approximate solutions
obtained by heuristics.
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Branch-and-bound methods have provided
efficient algorithms giving strict optimum solutions for
various intractable optimization problems®. In this
scheme, the space of all feasible solutions is divided
into smaller subsets, and then a lower bound of the
cost for each subset is calculated. If the bound is larger
than a known feasible cost, the optimal solution is not
included in the subset. Thus, such a subset can be
excluded from further consideration. By repeating this
process, the optimum is found by searching only a
small part of the solution space. To achieve efficient
computation with this scheme, a tight and easily
computable lower bound is indispensable. -

Lower bounds of some decision tree costs are
closely related to information theory. It is known that
the expected test execution time of a deterministic
decision tree is lower bounded by the expected word
length of the Huffman code®". For a probabilistic
decision tree, Refs.( 8 ) and (10) have pointed out that
the expected test execution time for a given value of
expected loss is lower bounded by the rate-distortion
function. However, there have been no studies clarify-
ing whether these information theoretical bounds are
applicable to the branch-and-bound methods used in
constructing decision trees. Moreover, it is not clear
whether there is a better lower bound than those
currently recognized.

This paper describes an algorithm for efficiently
designing a probabilistic decision tree that is strictly
optimal in terms of the cost defined as the weighted
sum of expected test execution time and expected loss.
The proposed algorithm employs a branch-and-bound
approach utilizing a lower bound of the cost. The
bound is derived from an application of information
theory and is tighter and easier to compute than the
one derived from the rate-distortion function. The time
efficiency of the proposed method is demonstrated by a
computational experiment.

2. Preliminaries
Let 2 ={w, -, ux} be a finite set of unknown

states and 4 ={a, -, a;} be a finite set of actions.
Suppose that there are a given loss function d:" 2 X A

* This work was presented at ISITA’90 held in
Honolulu, Hawaii, Nov. 27-30, 1990.



2524

Uy
Q(uk)

uj { Uy ‘ uz

03 04 03
B(Oluy) A(11u)|BOluy) P(lIuy)| B0y P(luy)

tp | 01 09 | 02 08 | 06 04

t, | 02 08 | 08 02 | 10 00

t5 | 09 01 | 01 09 | 09 01

Fig. 1 Probabilistic decision table.

Fig.2 Decision tree.

— [0, c0)and a given finite set 7 ={#, -, tv} of tests
to be applied to an unknown state. When a test t € 7/
is applied to a state ¥ € 2/, one of b possible out-
comes 0, ---, b—1 can occur.

This paper deals with the problem of constructing
a b-ary probabilistic decision tree from a given

probabilistic decision table®®. The probabilistic -

decision table indicates probabilities Q{(u) and
P,(x|u)for each uc Y, t < 7, and x {0, -,
b—1}, where Q(u) is a prior probability of state u, and
P.(x|u) is a conditional probability of observing x as
an outcome of test 7 under state u. An example of such
a table is shown in Fig. 1.

First, we make some assumptions as follows.
Assumptions: (1) U= and the loss function is
Hamming metric; d(u; a)=0if u=q and d (u; a) =
1 otherwise. (2) Outcomes of different tests are
statistically independent. (3) Reapplication of the
same test gives the same outcome; repeated execution
of identical tests is useless.

These assumptions are often acceptable for practi-
cal applications, such as character recognition®®.

An example of a decision tree is shown in Fig. 2.
A sequential decision by a decision tree starts at a root
node and ends at a leaf node. An internal node of the
tree specifies a test, which is an element of 7. At the
internal node, the specified test is executed for an
unknown state. Depending on the test result, one of its
b sons is selected as the next node to be reached. When
one finally reaches a leaf by repeating this procedure,
an appropriate action is taken so as to minimize
expected loss, which is the sum of the loss function
values weighted by the joint probabilities of state
occurrence and leaf arrival. Thus, a leaf is labeled with
an optimal action to be taken, while an internal node
is labeled with a test as shown in Fig. 2.
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3. Performance Measures

Most commonly used performance measures for
decision trees are expected test execution time, expected
test cost, and storage space™ . Among these, expect-
ed test execution time is used when a time-efficient
decision tree is required. Expected loss is another
reasonable measure for a probabilistic decision tree in
which the action taken at a leaf is not necessarily the
best one for the actually occurring state due to the
probabilistic nature of test outcomes. In this study, the
expected test execution time and the expected loss are
employed as performance measures.

To decrease the expected loss, a large tree execut-
ing many tests is required, even though such a tree
performs poorly from the viewpoint of test execution
time. With this tradeoff, the construction of an efficient
decision tree becomes an optimization problem with
multiple objectives. To deal with this problem, we
employ the parametric method, in which the objective
cost is defined as the weighted sum of the performance
measures. That is, the tree cost C is formulated as

C=W+oD, (1)

where W is the expected test execution time, D is the
expected loss, and p is the weight parameter (p>>0).
The weight parameter o is determined based on the
requirements of the two measures: p is larger if the
expected loss is required to be small.

In the multiobjective optimization problem, a

common approach is to define the cost as the weighted
sum of different objectives (for example, see Ref.
(12)). Thus, costs similar to the one defined above are
often utilized in the design of probabilistic decision
trees"®". Another approach is to minimize one of
two measures while restricting the other not to excess
some specified value® ™. However, the weighted sum
scheme is more advantageous in that the optimization
algorithm is simplified. This is because the next theo-
rem can be utilized in optimization.
Theorem 1. Consider a tree T whose root node is not
a leaf. Let p, (xx) represent the probability of getting x
(0£x=b—1) as an outcome of test # executed at the
root and let sons of the root be w, ***, v»_1, where v;
corresponds to the outcome x. Also, suppose that C; is
the cost of the subtree rooted at v,. Then, the tree cost
C is expressed as follows:

c=1+ig:pt(x) Cs. (2)

Proof: Let W, and D, be the expected test execution
time and the expected loss of the subtree rooted at v.
At the root of T, a test is executed once, and more W,
tests are performed if outcome x is observed. There-
fore, the expected test execution time of T, which is
denoted by W, is given as follows:
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W:1+Zg:pt(x)Wx. C - (3)

On the other hand, the expected loss of T, denoted by
D, obviously satisfies ‘ :

D:zz;};pt (x) Dy. (4)
From Egs. (3) and (4),

b—-1
C=W+pD=1+Zp (x) (Wz+pDz)

=1 +;Y‘;,;pt (x) Cs. O

4. Branch-and-Bound Approach

Let Cypt,: denote the optimal tree cost when test ¢
is executed at the root. Theorem 1 shows that the tree
cost is determined by its subtree costs Cp, -+, Co-1, if a
test is assigned to the root. Therefore, if Copt,: is
achieved, each subtree cost must be minimized as well.
Let Cop:(x) represent the minimized subtree cost
corresponding to test outcome x (0=x=5b—1). Since
the root is either a leaf or an internal node associated
with some test, the optimal tree cost Copt satisfies

Copt :mln[ Ciear, Coptyt1s ***» Copt,tN]

b—1
—min] Ciear min( 14 5 pe () Cos () )|

(5)

where Cie.r is the cost of the tree consisting of only a
leaf. This relation shows that the optimal tree is con-
structed by executing the procedure DPsearch shown in
Fig. 3. This method is based on the dynamic program-
ming technique.

The procedure DPsearch splits the given problem
into subproblems, in which Cuy,: is calculated by
recursive calls. However, it is very time consuming to
solve the subproblem for every ¢ & J. Branch-and-
bound methods® can effectively eliminate this dis
advantage. In the one used here, a lower bound of
Copt,¢ is calculated, and the subproblem is not solved
if the bound exceeds the cost of a known feasible
solution. Exclusion of such a subproblem obviously
does not affect the optimality of the solution. The algo-
rithm is represented by the procedure B&B shown in
Fig. 4, where G (Q, 7 ) denotes the lower bound of
cost for a given state probability vector @={Q (1), **-,
QO (uk)} and a given test set 7. In this procedure, the
lower bound of Cyp, is calculated from the relation,

Conne 21 2101 () G (Qlx, T~ (1),
where Q|x={Q (wm|x), -, @ (ux|x)}. This relation is

easily verified from Eq. (2).
To implement this algorithm, we need to find the
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Procedure DPsearch(Q, 7, DT, Copx)
INPUT: Q = {QQy),..., Qug)), test set T;
OUTPUT: optimal tree DT, optimal cost Coy
begin
DT:= A tree consisting of only a leaf; Coyi= Cpeges
for every t € T do
begin
for x = 0 until b— 1 do DPsearch(Q| x, T {t), DT,, Copt, )
Copl,‘ e=1+ Expl(x)copl, REIS
if Copy, ¢ < Copt then
begin
DT:= A tree consisting of the root labeled with t
and subtrees DT,...,DTj, _1;
CapE: Cupt, t
end
end
end.

Fig.3 Computing procedure based on the dynamic program-
ming technique.

Procedure B&B(Q, T, DT, Cop[)
INPUT: Q = (Quy),..., Oug)}, test set T;
OUTPUT: optimal tree DT, optimal cost Cqp
begin
DT := A tree consisting of only a leaf; Copii= Ciears
for every t € 7do

begin

g=1+%, pGQlx, 7- ()

ifg< Copt then
begin
for x = 0 until 5— 1 do B&B(Q | x, 7— (t}, DT,, Copt, €30 );
Copt, t= 1+ Ty px)C0p (s
if Cgpt, i< Copt then

begin

DT:= A tree consisting of the root labeled with t

and subtrees DTy,...,.DT;_5;

Copr'= Copt, t
end
end
, end
end.

Fig. 4 Computing procedure employing a branch-and-bound
method.

lower bound G(Q, 7). For efficient execution, this
bound must be quickly computable and also tight so as
to exclude as many needless subproblems as possible.

5. Lower Bound of Tree Cost

In this section, we derive a lower bound of the tree
cost that is advantageous for utilization in the branch-
and-bound algorithm because it is easy to compute.
For simplicity, we assume that states are denoted by 1,
<+, K, and Q(1)=Q(2)=--=Q(K)without loss of
generality.
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Lemma I: Suppose that a decision tree T; has ¥ (a)
(0= ¥V (a))leaves L1, *, L v labeled with action a
€ A. Let P(l,|k)denote the probability that one
reaches the leaf [, conditioned by the state k< %/, and
®a,» denote the unconditional probability of arrival to
the leaf /,,, That is,

Vaw= 2 P(lao|k) Q (k). (6)

Then, the cost of the tree 73, which is denoted by C, is
bounded by

c= vgzv}a)a,v logbwa,v+p§‘,%}§d(k a)
P(lowlk) Q(K). (7)

Proof: A decision tree can be identified as a prefix-
free code tree by considering a test results sequence to
be a code word. Since the expected test execution time
W is equivalent to the average word length of the code,
the well known source coding theorem in information
theory is applicable to find the lower bound of W.
Therefore, W is not less than the entropy of the
message, i.e., the first term in the right hand of Eq.
(7). The second term is clearly the expected loss
achieved by the tree. This immediately establishes Eq.
(7). |

Now, consider P(L,,|k)’s as variables and mini-
mize the right hand of Eq.(7) subject to

OéP(Za,vlk) gl, and Zp(la,v'k) =1,

for I=k=K.

Then, the minimum g is expressed by

g= min [_gga)a,v logba)a,v

P(laplk)
ORI (ks @) PR | (8)

Clearly, g is not larger than the cost of an arbitrary tree
with ¥ (a) leaves for each action «.

Lemma 2: If the minimum of Eq.(8) is attained,
then for any action a € «, the minimizing P (1, ,|k)
must be such that wg,,>0 for at most one pair of (q,
v) among V (a) paris (a, 1), -, (@, V (a))associated
with the action a.

Proof: Assume that the minimizing probability
assignment Po(la,vlk)is such that wg4,1>0 and wax,2>
0 for two pairs (a*, 1) and (a*, 2) corresponding to a
certain action a*E . Now, consider the new proba-
bility assignment P'(l,,|k), which is identical to
Py(lL,»lk) except that

P (lLosalk) =Py (losn| k) + Py (s o) k), and
P’ (lp4,2 k) =0, for all k. (9)

Then, the second term of Eq.(8) obviously remains
unchanged for P'(l;,,/k). On the other hand, it is easy
to verify that P'(l,,,|k) gives a smaller value of the first
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term than Py (l,,,|k) does. This is a contradiction and
proves the lemma. ]

The lemma asserts that only one leaf, say I,
associated with each action a is necessary to achieve
the minimum of Eq.( 8) and other leaves Lz, * -, L,va)
are unnecessary if ¥ (@) =2. Thus, a tree having two or
more leaves labeled with action a yields the identical
value of g as the smaller tree that has only one leaf for
the action a and the same number of leaves for other
actions.

Here, it should be noticed that there are two types
of trees. A tree of the first type, denoted Type 1, has at
least one leaf associated with each action. Contrarily, a
tree of the second type, Type 2, has no leaves for some
actions.

Lemma 3: Let g1 and g; denote the minimums
defined by Eq.( 8 ) for a Type 1 tree and a Type 2 tree.
Then,

H=ge. (10)

Proof: Let Pos(ly0lk) tepresent the probability
assignment giving ¢, and let «» be the set of actions
that have corresponding leaves in a Type 2 tree (thus,
AT A5). From Lemma 2 we can assume that

Poyz(la,1|k) 20, and Pg,z(la,ylk) :0

for all v=2 and all a< «,. However, if P(l,,|k)for a
Type 1 tree is set to be such that

P(la‘1|k):Pg,z(la,1|k>f0r aEﬂz, and
P (L s|k)=0 for v=2 or a4,

then the right hand of Eq.(7) obviously yields g,.
Since the minimization to obtain g; is done over
probability assignments including P (/,,|k)defined
above, g1 is not larger than g,. ]
Let G,(Q)denote g of Eq.(8) for a tree that has
just one leaf associated with every action in . That is,

G, (@) =min| ~ S, logswat $33d (k ; a)

P(LR)Q (K) | (11)

where ;1 Or g, is rewritten as /, or w,. Evidently
from Lemmas 2 and 3, G,(@) is the lower bound of
cost for an arbitrary tree with any number of leaves.
It is not easy to see what values of P (/,|k)’s give
the minimum in Eq.(11). To represent G,(Q) in an
easily computabe form, it is convenient to introduce
the model network shown in Fig. 5. In this network,
there are K source nodes sy, :*+, sx corresponding to
states 1, .-, K, K intermediate nodes z, **, zx corre-
sponding to leaves 4, -+, I, and one sink node ¢. A
source node s, (1=k=K) sends a flow involving the
total amount of Q (k) to the sink 7. Then, the amount
of the flow sent from s, to z, (1=a=<K) is obviously
represented by P(L|k) Q(k) and the flow amount on
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Ce = pdk;a)f
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P, 1 Q&)

C,: Edge Cost, f: Flow Amount on an Edge

Fig. 5 Model network associated with the lower bound G,(Q).

the edge between z, and ¢ is equal to w.. The vector
representing all these flows is termed a flow pattern.
The edge cost C, is defined as follows:

_{pd (k; a) - f, for the edge between s, and z,,

—f loguf, for the edge between z, and ¢,

where f is the amount of the flow on the edge. The
flow pattern is said to be optimal if the network cost is
minimized. Then, the minimization of Eq.(11) is clear-
ly equivalent to optimization of the flow pattern. This
problem is a minimum concave cost flow problem®®.
Lemma 4: 1If the flow pattern is optimal, then the
flow from s to ¢ follows only one route.
Proof: The lemma is clearly valid from the character-
istics of the minimum concave cost flow problem
described in Ref. (15). |
Since there are too many (=K*) flow patterns
satisfying Lemma 4, it is impossible to search the
optimum from them all. To efficiently find the lower
bound, we need to clarify more specific conditons
which are to be satisfied by the optimal flow pattern.
Definition: a loss-generating flow is a flow on the edge
between s, and z,; such that k+qa (thus, d (k; a)=1),
while a Joss-free flow passes the edge between s, and
Zg.
Lemma 5: 1If the flow pattern is optimal, then every
loss-generating flow traverses the identical intermediate
node.
Proof: Assume that two loss-generating flows, termed
r; and r;, pass different intermediate nodes z; and z;
(1=4 j=K) in the optimal flow pattern. Let f; and f;
denote the amount of these flows. Let the amount of
the flow on the edge between z; and ¢ be F;+ f; and
that on the edge between z; and ¢ be F;+ f;. We can
assume F;=F;=0 without loss of generality. Then,
consider a new flow pattern in which the flow #; is
rearranged so as to traverse the node z;. This reassign-
ment does not increase the cost portion associated with
edges from s,’s to z,’s because the cost coefficient of the
edge involving #; does not increase. It is also verified
that the cost decreases on edges between z,’s and 7. Let
the cost change on these edges be 4. Then,

A=— (Fi+fi+ fi)loge (Fi+ fi+f;) — F; logs F;
+ (Fi+fi) logy (Fi + f7)
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+ (F;+ /i) logs (Fi+ f)

 LF—Fi+f)
ST EA it fin s <0

Consequently, the new flow pattern gives lower cost.
This is a contradiction. ]
Lemma 6: There exists an optimal flow pattern in
which every loss-generating flow traverses intermediate
node z.

Proof: First, we show that there is an optimal flow
pattern in which the flow sent out from s is a loss-free
flow. Suppose that this flow is a loss-generating flow
traversing the node z; (2=<i=<K) when the cost is
minimized. From Lemma 5, every loss-generating flow
runs into z;, and thus no flow exists on the edge from
z to t. Here, rearrange every flow passing z; such that
it traverses z. The cost increment by this rearrangement
is at most p(Q(i) —Q(1)). Since Q(i)=Q(1), the
rearranged flow pattern yields another optimal solu-
tion. Thus, we can achieve an optimal flow pattern in
which the flow from s is a loss-free flow.

Then, assume that every loss-generating flow trav-
erses the node z;, (2<i< K) in this flow pattern. Here,
rearrange all the loss-generating flows so as to pass z.
This obviously does not change the cost generated on
edges between s:’s and z,’s. Also, it is proved by using
Q(1) =2 Q (i) and primary calculations that the cost of
edges between z,’s and ¢ does not increase. Therefore,
the minimum cost is achieved by the rearranged flow
pattern in which every loss-generating flow passes z.

' Ol

Lemma 7: 1If the flow sent from s, 2=<k=<K) is a
loss-generating flow passing the intermediate node z in
an optimal flow pattern, then the flow sent from s
such that Q (k") < Q(k)is also a loss-generating flow
(k<K £K).

Proof: Assume that the flow sent from s is a loss-
free flow and Q (k") £ Q (k) when the flow sent from
Sy is a loss-generating flow in an optimal flow pattern.
Then, rearrange the flows as follows:

« Split the flow sent from s, into two parts. One part
is routed via z, and its amount is Q (k"). The other is
routed on z and its amount is Q(k) —Q (k).

» Move the flow sent from s, so as to pass z.

By performing this rearrangement, the total amount of
loss-generating flows does not vary, nor does cost
change on edges between z,’s and ¢. Therefore, the
reassigned flow pattern gives the same cost as the
original flow pattern. However, the rearranged flow
does not satisfy the necessary condition of Lemma 4.
This is a contradiction. O

Lemmas 6 and 7 show that the minimum network
cost is found from particular flow patterns in which
flows from s, -**, sp are loss-free flows and those from
Sm+1, "', Sk are loss-generating flows traversing z as
shown in Fig. 6. Because there are only K such flow
assignments, the minimum is very easy to compute. By
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Fig. 6 Optimal flow pattern yielding G,(Q).

observing the network costs corresponding to these K
patterns, the next theorem is obtained.

Theorem 2: Let the cost of an arbitrary tree be C for
a given Q={Q(1 K)} and p. Then, C is
lower bounded by

C=G(Q),

where

G,(Q)= min | — >3 On(k)logy On(k)

I=m=K k=1

+0,3 0], (12)
and
o +@(m+1)++Q(K),
for k=1,
Q(k), for 2=k=m.

Another lower bound can be obtained by using
the rate-distortion function. However, this bound is
not as tight as G,(Q) (see Appendix 1). Additionally,
the computation of G,(Q) is extremely easy in com-
parison with that of the rate-distortion function, as
shown in Appendix 2.

By using G,(Q) and Eq.(5), another lower
bound denoted by GF(Q, 7)is derived as follows:

G¥(Q, 7):min{p(1—Q( 1)),

min [ 1+ 5.0 G (1)) |}

(13)

Despite increased complexity in computation, this
lower bound GF(Q, 7)is advantageous in giving a
tighter bound than G,(Q).

6. Evaluation

A computational expeiment was carried out to
evaluate the effectiveness of the branch-and-bound
algorithm employing the lower bound of the cost
derived in Sect. 5. The algorithm was programmed in
Turbo-Pascal on an NEC PC-9801UX41 computer.
The lower bound G¥(Q, 7) defined by Eq.(13) was
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Fig. 7 Experimental result. B&B denotes the proposed branch-
and-bound method and DP search denotes the dynamic
programming method without utilizing the lower bound.

used. For comparison, we also coded the dynamic
programming method without utilizing the lower
bound. Randomly generated problems were fed to both
of the programs and computing time was measured.

To examine the behavior of the algorithm as a
function of test set size, we generated 6 classes of
problems (10 problems in each class) with 4, 6, 8, 10,
12, 16 tests. The size of state sets was taken to be 4 and
coefficient b was set to be 2. Prior state probabilities
QO (u)’s were chosen randomly from uniform distribu-
tion over the interval [0, 1] and then normalized for
their sum to be 1. To select the value of conditional test
outcome probabilities P,(0|k) and P:(1]k), we first
chose one of two intervals [0, 0.1] and [0.9, 1] with
probability of 0.5, and then drew P;(1|k) randomly
from uniform distribution over the chosen interval.
P, (0lk) was set to be 1 — P;(1|k) . The weight parameter
© was taken to be 6 or 8.

Figure 7 shows the experimental result. The aver-
age computing time is much less for the branch-and-
bound algorithm in the range of 6=N than for the
method without using the bound. Moreover, time
increases much more slowly with increasing test size
with the proposed method. This characteristic implies
that the proposed method is applicable to considerably
large problems. This result provides sufficient evidence
for us to claim the effectiveness of the described lower
bound in accelerating computation.

Among strict optimum algorithms, the method in
Ref.(16) is relatively ‘time efficient’. This method
is applicable for the cost used in this paper, as seen
from Ref.(13). While the algorithm is based on the
dynamic programming technique, it differs from the
procedure shown in Fig. 3 in the order of constructing
subtrees. The time of the method is shown to be
proportional to N (b+1)"Y Meanwhile, the average
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computing time of the proposed method seems to be
proportional to 1.27 or 1.3V, Although this computing
time is exponential for N, it is much less than N (b+
1)¥. This infers that the proposed method is a very
efficient algorithm yielding a strict optimum.

7. Conclusion

This paper described a branch-and-bound algo-
rithm for constructing a probabilistic decision tree
with the strictly minimum cost. The algorithm features
the lower bound of the cost, which was derived based
on the word length bound of a prefix-free code. The
bound was transformed to an easily computable repre-
sentation by introducing a model network. The result
of a computational experiment showed that the
proposed algorithm is much faster than the dynamic
programming method without employing the bound.
Also, the computing time with the proposed method
increases more slowly than the method reported in
Refs.(13) and (16).

The decision tree cost was defined as the weighted
sum of expected test execution time and expected loss
in this paper. While this tree cost is often a reasonable
measure for efficiency, other cost functions (storage
and expected loss, for example) may be more adequate
in some applications. The extension of the proposed
method to other relevant cost functions is left for
further study. Comparison between the proposed
method and an algorithm yielding approximate solu-
tions is another remaining problem.
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Appendix 1

The lower bound of the tree cost can be derived
from the rate-distortion function. Let R(d) be the
rate-distortion function for a given state space and the
Hamming metric loss function. For the expected loss
d, a decision tree must gather R(d) (nats) of the
information about the state. Meanwhile, theinforma-
tion obtained by executing a test once is at most In b
(nats). Thus, the expected test execution time is not
less than R(d)/(In b)for the loss d. Therefore,

. [ R(d) }
>
C=rn;n[ n b +od |.
The next theorem shows the relation between this
bound and G,(Q).
Theorem AIl. For a given state space, the tree cost C
and the lower bound G,(Q) satisfy

Inb

Proof: Let M be the value of m that gives the
minimum in Bq.(12). Then, P (}]k)’s giving the mini-
mum in Eq.(11) are as follows. (i) Forl=k=K-—
M, P(L|k)=1if j=k, and P(};|k)=0 otherwise. (ii)
For K—M<k=K, P([|k)=1if j=1, and P(Llk)=
0 otherwise.

Let Iy be the amount of the information obtained
by the tree satisfying this probability assignment. It is
easy to show that

Csz(Q)gmgn[R(d) +pd].

IMz—lﬁ}lQm(k>1n On (k).

Let Dy be the expected loss of this tree. Then,
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Cz6G:.(Q)

= I/ (In B) + pDu Zmin| £ L2) +pd]. O

Thus, the lower bound G,(Q) is tighter than the one
derived from the rate-distortion function.

Appendix 2

This shows the computig scheme of G,(Q). By
rewriting Eq. (12),

G:(Q@) = min _gn, (A-1)

where

gm= _,szlQm(k)longm(k) +‘0k=é+1Q ().

The quantity g, satisfies the next recurrence.
K
g=p2,Q(k),

gm+1:gm_Qm+1(l)10g Qm+1(1)
—Q(m+1)log Q(m+1)
+0n(1)log On (1) —pQ (m+1).

By using this, g»’s are computed in O (K) time and the
minimization in Eq. (A-1) takes also O(K) time.
Thus, the computing time is determined by the sorting
of Q(u)’s, which uses O (K log K)time.
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